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Common Derivatives and Integrals
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Derivative Rules:

d
1. Constant Multiple Ruled—[cu] =cu', where cis a constant.
x

!

. Sum and Difference Rule di[u * v] =u tvy
x

’

N

d
3. Product Rule d—[uv] =uv' +vu'
x

u

4. Quotient Rule i[—} i

dx| v %

w

. Constant Rule, i[c] =0
dx

(o))

. Power Rule i[u”]= nu""'u'
dx

7. Power Rule i[x] =1
dx

8. Derivative Involving Absolute Value diﬂu” = |u—|(u')u #0
x u
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d
9. Derivative of the Natural Logarithmic Function d—[ln ul= L
X u

d
10. Derivative of Natural Exponential Function o [e“ ]: e'u'
X

Example 1: Find the derivative of f(x)= (4x -3x* XB + 2x2)

Since there are two polynomials multiplied by each other, apply the third derivative
rule, the Product Rule, to the problem.

This is the result of the Product Rule:
£(x) = (4x —3x2)% B+2x2]+(3+ 2x2)% [4x - 352

Now, take the derivative of each term inside of the brackets. Multiple derivative rules
are used, including the Sum and Difference Rule, Constant Rule, Constant Multiple Rule,
and Power Rule. When applied, the result is:

£(x)=(4x =322 0+ 4x)+ (3 + 2x* f4 - 6x)
simplify:

£(x) = (4x =3x7 J4x)+ (3 + 2x* J 4 — 6x)
Multiply the polynomials by each other:
£(x)=(16x> =12x% )+ (12+8x> —18x —12x?)
f'(x)=16x" —12x +12 +8x> —18x —12x°
Combine like terms to get a simplified answer:

f(x)=—24x +24x* —18x +12
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Integral Formulas:

Indefinite integrals have +C as an arbitrary constant.

1. jkf(u)du = k_[f(u)du, where k is a constant.

2. JUA(a) gl = [l [l

3. jdu =u+C
un+1

4. Iu"du: +C,on+#-1
n+l

du
5. J? = 1n|u| +C
6. '[e”du =e"+C
Example 2: Evaluate .[(4x2 —5x° + 12)dx

To evaluate this problem, use the first four Integral Formulas. First, use formula 2 to
make the large integral into three smaller integrals:

'f(4x2 —5x7 + 12)dx = J4x2dx — 15x3dx + Ilde
Second, pull out the constants by using formula 1:
=4J.x2dx—5jx3dx+l2‘|-dx

Now find each integral using formulas 3 and 4:

2+1 3+1
=4 2 |-s 2 |+12(x)+C
2+1 3+1
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Although three integrals have been removed, only one constant C is needed because C
represents all unknown constants. Therefore multiple C's can be combined into just one
C. To get the final answer, simplify the expression:

3 4
—4 o8 X r12x+C
3 4

=ix3 —§x4 +12x+C
3 4

Derivatives Rules for Trigonometric Functions:

1. di[sin(u)] = (cos(u))u'

X

2. 2 [cos(u)] = ~(sin(u)

dx

5. < )] e

X

4 feorfu)]=~{ese* )b

X

5. %[sec(u)] = (sec(u ) tan (u)Ju’

6. di[csc(u)] = —(csc(u)cot(u )’

X
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Example 3: Find the derivative of f(x)= sin((x))
cos(x

When finding the derivatives of trigonometric functions, non-trigonometric derivative
rules are often incorporated, as well as trigonometric derivative rules. Looking at this
function, one can see that the function is a quotient. Therefore, use derivative rule 4 on
page 1, the Quotient Rule, to start this problem:

Now use trigonometric derivative rules 1 and 2 to get:

()= (cos(x)Ncos(x))— (sin(x))—sin(x))

cos”(x)

Once the multiplication has been completed in the numerator of the fraction, the result
is:

f'(x) _ (sin2 (x) +cos’ (x))

cos’(x)

Remember thatsin’ (x)+ cos’ (x) =1; therefore, substitute 1 for sinz(x)+ cosz(x) in the
answer. The final result is:
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Integrals of Trigonometric Functions:

1. [sin(u)du = —cosu)+ C

2. [cos(u)d = sinfu)+ C

3 [ tan(u)du =~ Infeos(u) + C

4. [ ot(u)du = tnfsin(u) + C

5. [seclu)du = njsec(u) + tan(u )| + C
6. [[esclur)du = —Infoselu)+ cot(u) + C
7. [ sec (u)du = tanu)+ C

8. esc? (udu = —cot(u) + C

9. [ seclu)tan(udu = seclu) + C

10. [esclu)eotuldu = —csclu) + C
Example 4: Evaluate | (cos(x)— tan(x))d

Normal integration formulas are often used in addition to trigonometric formulas when
doing trigonometric integration. For example, in this problem use integration formula 2:

I(cos(x) — tan(x))dx = J. cos(x )dx — Itan(x)dx

With the two smaller integrals, use trigonometric integration formulas 2 and 3 to find
the solution:

=sin(x)— (— ln|cos(x)|)+ C
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Simplify:
= sin(x) + 1n|cos(x] +C
Special Differentiation Rules:

Chain Rule: In certain situations, there may be a differentiable function of u, such as
y = f(u),andu = g(x), where g(x) is a differentiable function of x. If this is the case,

then y = f(g(x)) is a differentiable function of x.
To take the derivative of the composite function y = f(g(x)), use the formula:
b _dy du

dx  du dx
This formula can be rewritten as:

d
Example 5: Find % of the function y = (3 +x* )2 :

dx
Use the formula dy d_y ﬂ to find this derivative. Now (3 + x4)= u, and the result is
dx du dx

the function y = u”.

Using the Chain Rule, we have

dy 2( X4x ) (3+x4),where

P _ 23+ x*) And g
du dx
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Special Integration Formulas:

U-Substitution: Some integrals cannot be solved by using only the basic integration
formulas. In some of these cases, one can use a process called u-substitution. This
process helps simplify a problem before solving it.

Example 6: Solve'[(Z + 3x)% dx

Referring to the given integral formulas, there are none that are able to solve this
integral in its current form. When one comes to an integral in a form like this, it may be
possible to simplify the integral to a form that is solvable by the given formulas. For this
integral, u-substitution may be used. :

Using U- Substitution shows that:
u=2+3x

du !
—=(2+3x) =3
- (2+3x)

dx(d—uj = 3dx

dx

du = 3dx

1
Having found that 2 + 3x = u, and that dx = gdu, substitute both into the original

|3
integral,j«/2 + 3xdx . The result isj.guzdu , Which can be solved by using integral

formulas 1 and 4.

First, use formula 1, to find that:
1

1 > 1
= j—uzdu = ljuzdu

3 3
Integration formula 4 shows that:
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= —|u?du
%‘Fl
=l§{ +C
3 —+1
12
22
L il 5 +C
3 1Lz
2 2
3
1| u?
=—|—|+C
31 3
2
3
:l(g]u2+c
313
3
=%u2+C

After solving the integral for u, substitute u with 2 + 3x to get the final answer:

3
242 4 C= g(2+3x)§ +C
9 9

Definite Integrals: Indefinite integrals always end with +C to represent any unknown
constants that might have been in the original equation. Variables are also contained in
the answer. However, definite integrals provide a single number as an answer to an
integration problem. This is done by first giving the integral upper and lower bounds,
which represent the starting and ending points of the function on a graph. Once these
bounds have been set, the integral is evaluated as usual, but without the +C being
placed at the end. Instead, after the integration has been done, a right bracket (]) is

placed after the problem with the upper and lower bounds to the right of it ( ]’; ). Once

the integral has been found, the upper and lower bounds are plugged into the variables
in the equation, with the lower bound being subtracted from the upper one. Then the
answer is left with a constant.
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3
Example 7: Find J.(4x2 +5x+10)x. This problem is a definite integral with an upper
1

bound of 3 and a lower bound of 1.

First, use integral formula 2 to break the integral up into three smaller integrals, which
are easier to solve:

—_——

3 3 3
(437 + 52+ 10)dx = [4x"dx+ [ 5xdx + [10dx
1 1 1
Second, use integration formula 1 to get:
3 3 3
=4[ x*dx+ 5[ xdx +10| dx
1 1 1

Next, use formula 4:

2+1 3 1+1 3
=4 2 +5 +10x]
2+1 ] 1+1 1
3 3 2 3
=4 2| 45 2] +104]
3 1 2 1

3 3
=ix3} +§x2} + 10x]f
3 1 2 1

The problem is now integrated completely. Plugin the upper and lower bounds into the
problem and simplify:

(26)-20)+[362)-2))+ 106)-100)
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=(@_fj+(£—§j+(30—1o)

3 3 2

=ﬁ+ﬂ+20
2

=ﬁ+20+20

3
=ﬁ+40

3
=ﬁ+40(§j

3 3
_104 120

3 3
2

3

Integration by Parts: Some integrals can not be evaluated by using only the 16 basic
integral formulas shown above. An example of an integral like this would bejxexdx.

There are formulas to find dex and J.exdx, but we do not have a formula in our list

that can find Ixe"dx. To evaluate an integral like this, use a method called “Integration

by Parts”. This method is used to evaluate integrals where there are two separate
functions of x contained in the integral, usually represented as u and v. An integral

containing two separate functions of x usually follows the formatJ.udv. The answer to
this integral is'[udv = uv—jvdu . This formula can be used multiple times in a problem,

depending on the values for u, v, du, and dv.

Example 8: Find Ix3 In xdx :

With the two separate functions of x, x>andIn x, choose which function is needed to be
u and dv. It is usually best to assign simple functions to be dv. For this problem, make u
= Inx and dv = x’. Now find v and du. To find v, take the integral of dv. For du, take the
derivative of u. Once this is done, the result is:
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1
u=Inx y=—Xx
4

a’u:l dv=x’
X

With the new values of our variables, plug them into the formula Iudv =uy— jvdu :

J.x3 In xdx = lx4 Inx— I(lx4](ljdx
4 4 X

Simplify:

=lx4 lnx—ljx3dx
4 4

After simplifying the integral, the simple integral is left and can be used to solve these

formulas:

3+1
=lx41nx—l al +C
4 4{3+1

=lx4 lnx—Lx4 +C
4 16

= i l)c“lrlx—Lx“+C
4)4 16
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