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Introduction to Differential Equations

A differential equation is an equation that contains one or more derivative of a function. This
handout will serve as an introduction to differential equations and will cover topics including
identifying differential equations, solving first-order equations, verifying solutions to
differential equations, and checking to determine if a solution is lost. This handout will

specifically focus on solving first-order linear and separable equations.

You can navigate to specific sections of this handout by clicking the links below.

Order of a Differential Equation: pg. 1

Types of Differential Equations: pg. 1

Solving Separable Differential Equations: pg. 4

Solving First Order Linear Differential Equations: pg. 5

Verifying Solutions to Differential Equations: pg. 7

Finding Lost Solutions to Differential Equations: pg. 7

Order of a Differential Equation

The order of a differential equation refers to an equation’s highest derivative. For example, if
the highest derivative is f"’, then the equation is a second order equation; similarly, if the
highest derivative is f*), then the equation is a fourth order equation. Note that f(®) is not
the same as f3 because the parenthesis around the 3 in the exponent denotes that it is the

third derivative, but the lack of parenthesis denotes that it is raised to the third power.

Types of Differential Equations

It is important to be able identify several types of differential equations. The order and type of
a differential equation will determine how that equation is solved. Often, algebra must be
used to rearrange the differential equation into a form that is easy to identify.

Linear
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A differential equation is linear if it can be arranged in the following form:
Uy ™ + Uy gy gy T+ uey = (X)

f(x), also known as the forcing function, is a function that contains only x’s and is usually
placed on the opposite side of the equal sign from the terms that involve y. Note that u can
either be a function of x or a constant, but it does not contain y. In a linear differential
equation, all derivatives of a function, y, can be multiplied by u, added together, and equal to

the forcing function. In a linear differential equation, y and its derivatives cannot be inside

: 1
functions of y, such as, cos (y') or "

Example 1: x?y® +sinh(3x)y” +y’ + 4y = e
This differential equation is linear because y and its derivatives are added together on

one side of the equation and equal to a function of x on the other side.

Example 2: sin(x) y"' + 3 cos(y") —311 = x?

Note that this differential equation is not linear because y' is inside of a cosine
function, and y is in the bottom of a fraction.

Separable

A differential equation is separable if it can be arranged in the following form:

f(x)dx = g(y)dy.
A differential equation can be separable only if the equation is first-order. In a separable

differential equation, all functions of x are multiplied only by a dx, and all functions of y are

multiplied only by a dy. y’ should be rewritten as % to make this possible.

Example: "= :’: ((;?
Q __cos (x)
dx  sin )
sin(y) dy = cos(x) dx
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This differential equation is separable because both sides of the equation can be
multiplied by sin(y)dx to rearrange the equation as sin(y) dy = cos(x) dx, with all
functions of y multiplied by only a dy, and all functions of x multiplied by only a dx.

Homogeneous Linear

A linear differential equation is homogeneous if the forcing function is equal to zero.

Homogeneous linear differential equations can be written in the following form:
(n) (n-1) 4 ... ! —
U,y + u,_1y + -+ uy + uyy=0.

Example: y' + 5y — 6y =0
This linear differential equation is homogeneous because its forcing function is equal to
zero.

Identifying Differential Equations:

Identify the following equations as linear, separable, or homogeneous. Note: A differential
equation can be more than one type, or no type at all.
1. yi—sin(y)(x2—9) =0

1 _ 2 _ .
5 dy = (x* — 9)dx with

This equation is separable because it can be rewritten as

all functions of y multiplied by only dy and all functions of x multiplied by only dx. This

equation is not linear because y is inside of a sine function.

2. sin(x)y” = —3y(x* —4)

This equation is linear and homogeneous because it can be rewritten as

sin(x) y” + 3(x? — 4)y = 0 with the forcing function equal to zero. Note, there is no
y' term because it is multiplied by zero. This equation is not separable because it is not

first-order.

3. y'+cos(x) ey =x%2—4
This equation is not linear because the function €¥ cannot be expressed linearly.

Additionally, the equation is not separable because it is not first-order. This function is
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also not homogeneous because it is both non-linear and has the forcing function

X% — 4.

4. y'+In(x)y = —y
This equation is linear and homogeneous because it can be written as

y'+ (1 +In(x))y = 0. Itis also separable because it can be written as

%dy = —(1 + In(x)) dx.

Solving Separable Differential Equations
Step 1: If necessary, replace y’ with %.

Step 2: Move all xs on one side of the equation and all ys on the other side.

Step 3: Integrate both sides of the equation: [ g(y)dy = [ f(x)dx.
When integrating, both constants of integration can be combined and placed on one
side of the equation; this is generally the side that contains x.

Step 4: Solve fory.

Step 5: If initial conditions are given, use to solve for the constant(s).

Example: Solve the following differential equation using separation:

’ cos (x)

y' = wherey(0) =1

y2

Step 1: If necessary, replace y' with %:

dy  cos(x)

dx  y?
Step 2: Move all xs on one side and all ys on the other side:
y2dy = cos(x) dx
Step 3: Integrate both sides of the equation:

jyzdy = f cos(x) dx
§y3 = sin(x) + C

Step 4: Solve for y:
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y = 3sin(x) +3C
When C is multiplied by 3, it is still a constant, so it can be represented by a new
constant, K.
3C=K

y = 1/3sin(x) + K

Step 5: If initial conditions are given, use to solve for the constant(s):
y(0) =1 = 3/3sin(0) + K, therefore 1 = YKandK =1
The solution to this equationisy = 3/3sin(x) + 1

Solving First Order Linear Differential Equations

Step 1: Rearrange the differential equation into linear form and make the function multiplied
onto they'term 1:y' + p(x)y = f(x).

Step 2: Representing the coefficient of the y term as p(x), find the integrating factor, p, for the
differential equation by using the formula p = e/ P®dx,

Step 3: Multiply both sides of the equation by  to rewrite the equation in the form:
wy' + up(Xy = pf(x).

Step 4: Because the previous step resembles the product rule of differentiation, rewrite the
equation in the form i (ny) = uf(x).

Step 5: Move dx to the other side of the equation and solve the separable differential
equation.

Step 6: If initial conditions are given, use to solve for the constant(s).

Example: Solve the following linear differential equation:

y' = —(ﬁ)y+x2+x+5 wherey(0) =1
Step 1: Rearrange the differential equation in linear form and make the function

multiplied onto the y’ term 1:

'+( ! ) =x*+x+5
ARACEE VA
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Step 2: Representing the coefficient of the y term as p(x), find the integrating factor, ,

for the differential equation:

1
x+1

p(x) =
W= e/ P)dx — ef%dx = elnIx+1] — v 1 1
Step 3: Multiply both sides of the differential equation by p:
1
x+ 1y’ +(x+1)( +1) =x+1DE*+x+5)
x+1Dy +y=x+1DE?>+x+5)
Step 4: Rewrite the equation in the form —— (W) uf(x):

d((x+ Dy)
dx

Step 5: Move dx to the other side of the equation and solve the separable differential

=x+1DE*+x+5)

equation:

d((x+ Dy) = (x+ D(x? + x + 5)dx

j d((x+ Dy) = f(x + D (x% + x+ 5)dx
f d(x+ 1y) = f(x3 + 2x?% + 6x + 5)dx

1 2
(X+1)y=Zx4+§x3+3x2+5x+C

411 4+§x +3x%24+5x+C
x+1

Step 6: If initial conditions are given, use to solve for the constant(s):

y:

T +£(0)* +3(0)2 + 5(0) +C

0)=1=
y(0) ) + 1
c=1
%x4+%x3 +3x2+5x+1
y= x+1
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Verifying Solutions to Differential Equations

A solution to a differential equation is valid if it can be substituted into each side of the original

equation and simplified to produce equal values on both sides of the equation.

Step 1: Note the order of the differential equation to determine how many times to take the
derivative of the solution.

Step 2: Substitute the derivatives into the original differential equation.

Step 3: Simplify the expression to check if both sides of the equal sign are the same.

Example: Verify thaty = 8% + e?¥ is a solution to the differential equation
y"" — 10y’ + 16y = 0.
Step 1: Note the order of the differential equation to determine how many times to
take the derivative of the solution. In this case, the equation is second order, so find
the first and second derivatives of the solution:

y' = 8eBX 4 2e%X

y" = 648X + 42X
Step 2: Substitute the derivatives into the differential equation:
(64e8% + 4e2%) — 10(8e%* + 2e2¥) + 16(eB* + e2¥) =0
Step 3: Simplify the expression to check if both sides of the equal sign are the same:
64e8% + 462X — 80e®* — 20e** + 16e3* + 16e%* = 0
(64—80+16)e®*+ (4 —-20+16)e?* =0

0e8* + 0e** =0

In this case, 0 = 0; therefore, the statement is true, and the given function is a solution

to the given differential equation.

Finding Lost Solutions to Differential Equations

When solving a separable differential equation, it is possible that a solution may be lost in the
process. When dividing both sides of the equation by an expression involving a variable, it is
possible that there is a value for the variable that makes the denominator of the fraction equal

to zero. This value may be a lost solution.

Provided by Introduction to Differential Equations
The Academic Center for Excellence 7 March 2021



GERXMANNA

ACADEMIC CENTER
FOR EXCELLENCE

Step 1: Find potential lost solution(s).
Step 2: Substitute y in the known solution with the potential lost solutions.
Step 3: Solve for x to see if the known solution can produce the potential lost solution.

1+ceX
1—ce4x’

Example: The differential equation y’ = y? — 4 has a solutiony = 2
Find any lost solutions.
This differential equation is separable and can be rewritten as % =y? —4,so0in order

to get all functions of y separate from functions of x, y> — 4 must be divided on both
sides of the equation.

dy
y?—4

=dx

Step 1: Find potential lost solution(s).
When dividing by y? — 4, the values for y, which make this expression equal to zero,
need to be checked because there cannot be a zero in the denominator. In this
example, bothy = 2 and y = —2 make the expression equal to zero, so these
guantities may be lost solutions. In order to test if a solution is lost, first verify if both
values are in fact solutions of the differential equationy’ = y% — 4.

y=2,—2

y'=0,0

0=(+2)*>—-4
0=0

Once both solutions are verified using this method, these solutions need to be tested
as lost through substitution with the known solution.

Step 2: Substitute y in the known solution with the potential lost solutions:

1+ce*®
1—ce4x’

2 =9 1+ce?X 2 =7 1+ceX

1—ce*X 1—ce*X

Step 3: Solve for x to see if the known solution can produce the potential lost solution:
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1= 1+ce*X _ 1+ce*¥
1—ceX 1—ceX
ce* —1 =1+ ce¥ 1—ce** =1+ ce™®
0=2 0 = 2ce**
y = —2is a lost solution because there is no x value of the known solution that
satisfiesy = —2. However, y = 2 is not lost because if c is equal to zero, then the

solution can be satisfied by the known solution.
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